
MAGNETIC FORCE ON TWO STAGGERED SLOTTED HALF-PLANES 

by 

G. W. Veltkamp* and J.  J .  A. M. Brands':" 

1. The problem 

We consider the two-dimensional magnetic inductior~ B = -grad ~ in the 
domain ~ between four permeable quarter planes arranged as shown in 
Fig. I, each of which is kept at a given constant potential. The two upper 
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Fig. I. 

quarter planes are rigidly connected and so are the two lower quarter 
planes. 

Our aim is to find the resulting horizontal force exerted by the field 
on the two lower quarter planes. In the case of eleetrical machines with 
various types of exitation the centring force can be approximated from 
these results, i) 

2. A formula for the magnetic force 

The magnetic force K=(K..,K.)exerted on a part AB of the boundary of 
-- A ~/ 

(el. Fig. 2) along which @ = constant, is glven by 

B B 
g = 7  Ivr n d s ,  

A rl 

Fig. 2. 

1) This problem was suggested by A. I. C. Bakhuizen and P.A.F.M. Goemans, Department of Electrical Engineering, 
Technological University, Eindhoven. 

*) Technological University, Eindhoven, the Netherlands, 



68 G.w.  Veltkamp and J .J .A.M. Brands 

where  n = (nx, ny) is the n o r m a l  on the boundary  d i r ec t ed  towards  the field. 
F r o m  t-his fo rmula  we shall  der ive  another  which is m o r e  suitable for  
two-d imens iona l  p rob lems .  1) 

Let  z = x + i y .  Let  f2 = fZ(z) be an analyt ic  function in the domain N such that 
im f~(z)=~(x,y).  Le t  K=Kx+iKy and n=nx+ iny .  Then we have along the 
boundary  n d s  = i dz, if dz is t a k e n i n t h e  counterd lockwise  sense  re la t ive  to N. 

Consequent ly ,  s ince 

we have 

l 'B]df212dz-g l  / ' B d ~ d  K=�89  laT- 
A A 

Since r is constant  along AB we he re  have d~= dr2, hence 

, 

-iKy=- �89 ~ a=-~iA ~ dz. 

Now, it should be remarked that the integrand is analytic in @, hence for 
the path of integration we may take any curve in ~ that connects A and B. 
In the situation sketched in Fig. 1 we want to find the horizontal force on 
the lower slot BCD. This is defined as 

K = R e [ - � 8 9  limc1..~c\B ( fCl+cf2D ) ( d f ~  2 z] ~-~-] d , 

C2---~ C 

where  C 1 is on BC and C 2 on CD in such a way that C1C 2 is hor izontal .  

Since in all considered eases 

have 

Re - �89  lira = 0. 
Cl-'b C C 

C2--~ C 

Hence we m a y  take 

lira 
z--~C 

dr2 exis ts  and is pu re ly  i m a g i n a r y  we 

K = R e  [ - � 8 9  f D ( d f ~ 2 d z ]  
dz ] j , (1) 

B 

where  now the in tegra l  should be taken along a path in ~) connect ing B and D. 

3. Three basic problems 

We consider three problems specified by the following boundary conditions 
for the magnetic potential ~ (cf. Fig. 3). 

(i) @=h on EFGHA, 
= 0 on ABCDE. 2) 

1) This derivation is very simular to that of the Blasius formula in two-dimensionalincompressible fluid dynamics. 
2) Problem (i) has been treated by K.J.Binns [1] by essentially the same method as followed by us. Our 

numerical results agree with Binns's results (which have been published in graphical form only). 



Magnetic force on two staggered slotted half-planes " 69 

(ii) @:h on GHABC, 
@: 0 on CDEFG. 

(iii) @=h on ABC and EFG, 
r on CDE and GHA. 
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Fig. 3. 
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Fig. 4. 

We denote the solutions of these three problems by ~i, ~2, ~3 and the 
corresponding complex potentials by ~i, Q2, ~ 3 (defined by Irn Qi(z)=~i (x, y)). 
If we have the general boundary conditions (cf. Fig. 4) 

~=Boh on CDE, 
B1h on EFG, 
B2h on GHA, 
B3h on ABC, 

where Bo, BI, B2, B 3 are arbitrary coefficients, then 

=AI~ 1 +A2~ 2 +A3~ s +Boh, 

where 

=i B A I ~(- o + B I + B s - B s ) ,  
i B A2=2(- o -B1 +B2 +B3)' (2) 

= 1 

A 3 2 ( - B  o + B  1 - B 2 + B 3 ) .  

F o r  t h e  c o m p l e x  p o t e n t i a l  f~(z) ,  d e f i n e d  b y  I m  ~ ( z ) =  ~ (x ,  y) ,  w e  m a y  t a k e  

Q ( z ) = A  1 q l + A 2 ~ 2 + A 3 ~ s + i B o  h.  

S u b s t i t u t i n g  t h i s  i n t o  f o r m u l a  (1) w e  f i n d  f o r  t h e  h o r i z o n t a l  f o r c e  K on t h e  
l o w e r  s l o t  

3 

K = ][] A m A n Kmn , (3) 
ITlj I]~l  
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where 

/ dz j �9 Kmn=Knm = Re (4) 
B 

It should be noted that Kll, K22, Kss are the horizontal forces on the 
lower slot for the three basic problems. 

For a fixed value of h, the coefficients Kmn are functions of v (the 
horizontal displacement of the upper slot relative to the lower slot). The 
parity of these functions can be found as follows. 

Let us, for the moment, introduce the notation 

K =K(Bo, Bl, B2, Bs, v). 

Reflecting Fig. 4 in a vertical line it is easily seen that 

K(B o, B1, B 2, B3, v ) :  -K(Bs, B2, B1, Bo, -v). 

Toge the r  with (2) and (3) this impl ies  

3 3 

E A m A n Krnn(V ) = - E A m A~Kmn (-v), 
ii], 11=1 m, [i=1 

where AI ' :A1,  A~=-A 2, A~=-A 3. 
Since this has to be t rue for  all A 1, A 2, As,  it  follows that  

Kil, K2~, Kss, K2 3 are odd functions of v, 
El2, K I~ are even functions of v. 

Let K+=K+(Bo, BI,B2,Bs,v) be the horizontal force on the upper slot (in 
the direction as indicated in Fig. 4). 

K + is connected with K as follows. By (i), we have 

( ~ /) 1 B 

:Re ~i + f \dzl dz , 
H 

" - r  since 
for the contour shown in Fig. 5. 

Since 

de 8~ 8~ 
d-7  = a-y + i a x '  

the in tegrand  in (5) is r ea l  on the 
hor izon ta l  pa r t s  of the paths DF and 
H]B. For z --~oo we have d~i/dz --~B I -Bo, 
and for z --~-oo we have df~/dz --~ B 2 -B s . 

Hence from (5) it follows that 

K-K+=-�89189 2 . (6) 

Or, on substituting (2), 

K-K+= -2h AIAs. (7) 

7 
AI 

L . . . . .  
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0y 
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On the other hand, rotating Fig. 4 over 180 degrees, we see that 

K+(Bo  , B 1, B 2, B 3, v)=K(B~2,  B 3, Bo,  B1,  v),  

or, using (2) and (3), 

K - K + : 4A 1 A3K13 + 4A2A 3 K23. 

Comparing this with (7), we infer 

K13 = - h / 2 ,  K23 = 0. (8) 

Remark. It is possible to derive the relation (6) between K and K + from 
the following formulation of the principle of virtual displaeements: If, in 
an arrangement of conductors, each of which being kept at a fixed potential, 
one of the conduetors is displaced by an infinitesimal distance, then the 
mechanical work done by the field on this eonductor is equal to the gain 
in the total energy of the field. I) 

In order to apply this principle, we suppose the gap to be closed at the 
far left and at the far right by condueting pistons with, say, potentials 
zero. If we now move the upper and the lower slot simultaneously towards 
the right and keep the pistons fixed in space, then the rate of increase of 
the field energy is equal to the right-hand side of (6). 

4. Conformal mapping of the z-domain 

Coordinates in the z-plane are chosen as shown in Fig. 6. We want to 
map the domain ~ conformally on the strip 0 <Im t<TrsuchthatABCDE 
is mapped on Im t=0, EFGHA onImt= ~ and z=0 on t==i/2. 

From the symmetry of ~ it follows that the mapping function t=f(z) 
satisfies f(-z) = =i-f(z). 

Consequently, if B, C and D are mapped on t= ~, T and 6, respectively, 
then F, G and H are mapped on 7ti-~, ~'i-T and ~ri-6, respectively. The 
transformation w = e t maps the strip 0 < Im t < = on the upper half plane 
Irnw >0. 

With the Schwarz-Christoffel formula we find 

dz [(w-e~) (w-e6) (w + e-~ ) (w + e-6)] I/2 

dw w(w-m y ) (w + e -y ) 

whence 

dz: C 
dt 

[(sin t - sinh ~) (sinh t - sinh 6)] 1/2 

sinh t - sinh 7 
(9) 

The parameters C, /3, % 6 have to be determined by the following rela- 
tions: 

F (i) j dz ~ -  d t =  v + i h .  
D 

Taking the path of integration as shown in Fig. 7 we infer that 
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~C = h, 

/N / 
C lira 

N - - - -  6 -N 

8h i (sinh t - sinh ~) (sinh t - sinh 5)I i/2 
I sinh t - sinh T ] dt = v. / 

D 
(ii) j dz ~-~ dt= i. 

B 

Taking the path of iniegr'ation as shown in Fig. 8 we find 

(i0) 

(11) 

~rC [ ( s i n h  1'- s i n h  ~) ( s i n h  6 - s i n h  71] 1/2 
cosh T " = I, 

6 
J [ ( s i n h  t - s i n h  ~) ( s i n h  6 - s i n h  t)] 1/2 

sinh t - sinh T dt = O, 

(12) 

(13) 



where ~ indicates 
singularity t = T. 
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that the Cauchy principal value has to be taken at the 

5. The potentials for the three basic problems 

We w a n t  to f i n d  the  c o m p l e x  p o t e n t i a l s  f21, ~2z, 
problems formulated in see. 3. 

t2 3 for the three basic 

It is obvious that for problem (i) 

~ 1  = h - - t .  
~T 

For problem (it) and (iii) g~ is most easily found if we consider the cor- 
responding boundary-value problems in the upper half of the w-plane, as 
indicated in Fig. 9. 

E r G, *:h A i=h C r E E r G r A r C r E 
i I I 

-~Y e v oo - oo -~Y e u oo - o ~  o - o 

w -  plane w-p lane  

problem (ii) problem (iii) 

Fig. 9. 

It is easily seen that the following functions satisfy the boundary conditions: 
for problem (it) 

h w -e ~ h e t - e  7 
~2 = log ~ -  l o g ~ ,  

w + e-7 ~r e t+ e-7 

for problem (iii) 

h (w-e 7)(w+e-7) hlog(2 sinh t 2 sinhT). f~3 = ~- log = - 
7r 

W 

For use in our formula for the magnetic force we list the derivatives of ~i: 

dill h 

dt  ~" ' 

d122 _ h cosh ? 

dt 7r sinht - sinh T ' (14) 

d~3 h cosh t 
dt Ir sinht - sinh 7" 

6. The magnetic force 

Substituting the results (9) and (14) into formula (4) we find the coefficients 
Kmn of the expression (3) for K. 
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K~I 
6 

h 
= -2--~ ] 

(sinh t - sinh T) (sinh t - sinh 13) -�89 (sinh 5 - sinh t) -�89 dr, 

h 
K22 = - 2--~ f 6  e~ sinh t - sinh %,)-I (sinh t - sinh fi)-�89 (sinh 6 - sinh t) -~ dt, 

h 6 
K33= - 2-~ f 

13 

cosh2t(sinh t - sinh %,)-i (sinh t - sinh ~)'�89 (sinh 5 - sinh t) "�89 dr, 

6 h/ 
K12 =K21- 25 cosh T(sinh t - sinh ~) -�89 (sinh 5 - sinh t) -�89 dt, 

6 
h 

K~3 = K a  = - ~  f c o s h  t ( s i n h t  s inhf l )  "�89 ( s i n h 5  s i n h t )  -�89 - - dr, 

h r ~ ' }~23 = K32= - 2 ~ /  c~ ? c~ t(sinh t- sinh 7)-I (sinh t - sinh ~)-~ (sinh 5-sinh t)-~ dr" 

A c c o r d i n g  to (1) the i n t e g r a l  f r o m  ~ to 5 shou ld  have  b e e n  t aken  a lo n g  
a pa th  i n s ide  the s t r i p  0 < Im t < ~. H o w e v e r ,  d e f o r m i n g  th is  pa th  in to  
a pa th  as  shown in F ig .  8 we get  the above  r e s u l t s  s i n ce  the s e m i c i r c l e  
a r o u n d  %, does  n o t  (in the l imi t )  c o n t r i b u t e .  

The integrals for K13 and K23 can easily been calculated by the sub- 
stitution 

sin ~ = 2 sinh t - sinh 6 - sinh fi sin go = 
sinh 6 - sinh ~ 

2 sinh y - sinh 6 - sinh $ 
sinh 5 - sinh /J 

We find 

h ~ h 
K13 : - 2-"~" ") d g -  2 ' 

-~/2 

~/2 
h cosh T f d~ 

K23= - 7r(sinh ~-s-i~h ~)-~/2 sin ~ - sin %00 

This is in accordance with the results of see. 3. 

- 0 .  

7. T h e  l i m i t i n g  c a s e  f o r  [ v I --. 

In problem (i) of sec. 3 we obviously have K11--* 0 for iv I--~Qo. For 
K22 of problem (it), Kss of problem (iii) and K12 in formula (3) it will 
be shown that 

K22--~ - ( h / 2 ) s g n ( v ) ,  K33--> (h /2 ) sgn (v ) ,  K12-*  - h / 2  f o r  Iv  I -* oo. 

For problem (it) if v --~ -oo and for problem (iii) if v --~ +oo, we have es- 
sentially the situation as shown in Fig. i0. For the mapping of the domain 

on the upper half plane Im w > 0 in the manner as shown in Fig. ii, 
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we find 

dz 1 V ~ - - w  2 %/1-a 2 

dw ~r w 2 _a2 ' 2o~ 
-h. 

It is readily seen that the complex potential may be taken to be 

h df~_ h f2 = - ~ l o g ( o e - w ) ,  w h e n c e  
~r dw ~ ( ~ - w ) "  

The use of formula (I) gives for the horizontal force on the lower slot 

lim K22 = lim Kss= Re [h~i /D 
V - - ~  - ~  V - - ~  B 

w+~ d ~ ]  = h/2. 
W-~ 

The integral can be evaluated by suitable deformation of the contour, using 
the fact that the integrand is real for -i < w < i. 

In order to find lira K12 , we consider the situation Al=-i , A2:I , As=0 
(cf. see. 3). 

If v--* Qo, this situation again essentially reduces to the situation of Fig. I0. 
Hence, (using (3)) 

lira (KII +K22 -2K12 ) =h/2. 
V--~ 

S i n c e  K l l  - ~ 0 ,  K 2 z - - ~ - h / 2 ,  we f i n d  K12 ~ - h / 2 .  
T h e  g e n e r a l  r e s u l t s  now f o l l o w  f r o m  the  f a c t  t h a t  t<7_99_ 

a n d  K12 i s  e v e n  in  v.  
a nd  Ks3 a r e  odd ,  
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8. The reduction to standard elliptic integrals 

T o  c o m p u t e  the  v a r i o u s  i n t e g r a l s  i t  i s  u s e f u l  to  r e d u c e  t h e s e  to  s t a n d a r d  
elliptic integrals. By the substitution 

2 s i n h  t - s i n h  6 - s i n h  
= s i n h  6 - s i n h  fi 

and  a f t e r  considerable a l g e b r a i c  m a n i p u l a t i o n  D we  c a n  e x p r e s s  the  r e l a t i o n  
(13) and  the  i n t e g r a l s  f o r  K l l ,  K22 ,  K33 ,  K12 in  t e r m s  of  c e r t a i n  s t a n d a r d  
i n t e g r a l s  w h i c h ,  w i t h  the  h e l p  of  [ 4 ] ,  c a n  be  r e d u c e d  to  c o m p l e t e  e l l i p t i c  
i n t e g r a l s  of  f i r s t  and  t h i r d  k i n d s .  T h e  i n t e g r a l  (11) f o r  v c a n  be  h a n d l e d  
b y  the  s u b s t i t u t i o n  r' = I/r. 

In  o r d e r  to p r e s e n t  the  r e s u l t s  we  s h a l l  u s e  the  f o l l o w i n g  a b b r e v i a t i o n s :  

a = �89 6- sinh~), b = �89 +sinh~), 

cosh 6 + eosh 
cosh 5 - cosh ~ ' C = �89 5 + sinh ~ - 2 sinh T), d = 

r = (cosh 6 . eosh~i)-i/2, 

p l ( ' r )  = (1 -'r 2) (1 + ( a t  + b)2) ,  

p2(~) = ( l + b 2 ) - l ( 1  - r 2) [ a  2 + ((1 + b2)T + ab) 2] , 

,-1---c/a, =-a/c, 

+i +i +i 

I l j  - ~ ,  12j = ~ p j '  I 3 j =  ~ p j  
- 1  -i , -i (T - "rj  ) 

We then  ge t  the  r e l a t i o n s  c o r r e s p o n d i n g  to  (7), (8) and  (9), 
f o r  the  Kmn,  a s  f o l l o w s :  

cosh 2 T 
h ( 2  i12 ac  - a I32 ), v = - ~ - 122 h2 

h2(sinh 6 - sinh T)(sinh T - sinh ~) = cosh2T, 

ac Iii - a 2 121 + c~ 131 = 0, 
h 2 

h (c + a  ) K l l  = - ~-ff I l l  I21 ' 

h c o s h  23" 
K22 = 2~r a 181' 

, j = l , 2 .  

h 
K33 = - ~ ((c + 2 s i n h  3")I n + a I21 + 

and expressions 

(15) 

(IS) 

(17) 

(18) 

(19) 

cosh23" 
a I31 ) '  (20) 

h c o s h  3' I l l .  (21) K12 - 27r 

We w o u l d  r e m a r k  t h a t  b y  e l i m i n a t i o n  of  I l l ,  I21 and  I31 f r o m  (18) to  (21) 

1) We are indebted to Mr.J.K.M.Jansen and M~.H. Willemsen for performing this work. 
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i t  f o l l o w s  t h a t  

K l l  + K 2 2  - K 3 3  + 2 ( t a n h  3")K12 : 0 .  

W i t h  the  h e l p  of  [ 3 ] ,  T e l l  I I ,  p.  47 ,  f o r m u l a e  l b ,  2c  and  T e i l  I ,  
f o r m u l a  8b.  12, we  f ind  

where 

I l l  : 2 r K ( k ) ,  

I21 = 2 r d  [ I I (01 ,  k) - K ( k ) ] ,  

I12 = 2 r K ( k ' ) ,  

I22 : - 2 r d  -1 [YI(P'I,  k ' )  - K ( k ' ) ] ,  

w i t h  

k 2 = � 8 9  /3) - 1), k '2= 1 - k 2 = �89 r 2 ( c o s h ( 6  - /3) + 1), 

01 = � 8 8  e o s h  6 - c o s h  ~ ) 2  P~= -1 - 01 = - �88  r2(  c ~  6 + c o s h  ~ ) 2  

131 = 2 a r  

132 = 2 r  i h2 

c o s h 2 T  

7 
_ _  c ~ n ( p  2, k) - C 2 K ( k ) J  , 

] _ _  C 3 I I ( p ~ , k ' )  - C 4 K ( k '  ) 

C1 = a (a  - cd) C 2 _  1 
ad - c ' ad - c 

Ca = _ c ( a  - cd)  C4 = _ 1 

ad  - c ' a - ed  ' 

h 2 

P2 = - - -  (ad - C)2pl . 
cosh2T 

p. 88 

9. Numerical  computation 

F o r  a g i v e n  v a l u e  of  h we  w i s h  to f ind  K a s  a f u n c t i o n  of  v.  I t  i s  s i m p l e r ,  
h o w e v e r ,  to  c o m p u t e  K a nd  v a s  f u n c t i o n s  of  the  a u x i l i a r y  v a r i a b l e  3'. T h e n  
(16) and  (17) a r e  t wo  e q u a t i o n s  w i t h  the  u n k n o w n s  /3 and  6 f r o m  w h i c h  
and  6 c a n  be  c o m p u t e d .  A f t e r  t h a t  the  c o m p u t a t i o n s  of  K n ,  K22 , K 3 a ,  
K12 and  v a r e  s t r a i g h t f o r w a r d .  F o r  the  c o m p u t a t i o n  of  the  e l l i p t i c  i n t e g r a l s ,  
we  u s e d  the  p r o c e d u r e  f r o m  [ 4 ] ,  [ 5 ] .  

T h e  c o m p u t a t i o n  w a s  c a r r i e d  ou t  in  F O R T R A N  on the  I B M  1620 of  the  
T e c h n o l o g i c a l  U n i y e r s i t y  E i n d h o v e n .  

T h e  g r a p h s  in  F i g s  12, 13, 14 a n d  15 h a v e  b e e n  p r o d u c e d  b y  an  o n - l i n e  
C A L C O M P  p l o t t e r ,  u s i n g  p l o t t i n g  r o u t i n e s  t h a t  a r e  an  i m p l e m e n t a t i o n  of  
A L G O L  p l o t t i n g  p r o c e d u r e s  d e s c r i b e d  i n  [ 6 ] .  1) 

1) We are indebted to M r . J .K .M . l ansen  for the prograrnming and for the careful preparation of the graphs. 
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10. Resu l t s  

For various values of the parameter h (el. Fig. I) we have tabulated 
<12 ~ I<33, KI2 as functions of v with an absolute error of less than K n  ' "4 

0�9 5 • . F o r  s o m e  v a l u e s  o f  h w e  h a v e  a l s o  g i v e n  g r a p h s  o f  t h e s e  
f u n e t i o n s  ( F i g s  12 t o  1 5 ) .  

T h e s e  t a b l e s  m a y  b e  u s e d  f o r  t h e  g e n e r a l  s i t u a t i o n  o f  F i g .  4 a s  f o l l o w s .  
F o r  g i v e n  v a l u e s  o f  h a n d  v t h e  h o r i z o n t a l  f o r c e  K o n  t h e  l o w e r  s l o t  i s  

2 
K : A12 K l l  + A~ K22 + A s K 33  + 2 A I A 2 K , 2  - A I A  ~ h,  

where the coefficients AI, A 2, A 3 have to be calculated according to 
formula (2) of sec. 3. For positive values of v the coefficients Kll , K22 ~ 
K33 , KI2 may be taken from the tables. 

For negative values of v one should utilise the fact that Kll, K22 , K33 
are odd functions of v and KI2 is an even function of v. 

Finally, we note thai the horizontal force K + on the upper slot is 

K + = K + 2A 1 A 3 h .  
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Fig. 12. KII as function of v. 
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